A notion of a normal autometrized algebra is introduced which generalises the concepts of Boolean geometry, Brouwerian geometry, autometrized lattice ordered groups, semi-Brouwerian geometry, etc. The notions of ideals and congruence relations are introduced in normal autometrized algebras and a one to one correspondence between ideals and congruence relations is established. Some other common properties of the above geometries are also obtained for normal autometrized algebras.
Introduction
introduced the notion of an autometrized algebra to obtain a unified theory of the then known autometrized algebras:-(1) Boolean algebras (Blumenthal (1952) and Ellis (1951) ), (2) Brouwerian algebras (Nordhaus and Lapidus (1954) ), (3) Newman algebras (Kamala Ranjan (I960)), (4) autometrized lattices (Nordhaus and Lapidus (1954) ) and (5) commutative lattice ordered groups or /-groups (Swamy (1964) ). Later commutative dually residuated lattice ordered semigroups (D.R.I, semigroups) (Swamy (1965 (Swamy ( ), (1965a (Swamy ( ), (1966 ), Boolean /-algebras (Rama Rao (1972) ) and semi-Brouwerian algebras (Ramana Murty (1974) ) were all shown to possess a natural metric namely the "symmetric difference" which makes all of them into autometrized algebras. Of the above examples D.R.I. semigroups contain Brouwerian algebras and hence Boolean algebras, lgroups and Boolean /-groups as special cases and these are all lattices whereas semi-Brouwerian algebras which are not lattices contain Brouwerian algebras as special cases. Excepting Newman algebras which are not even partially ordered, all the above examples are autometrized algebras in the following sense: A system (A, + , S , *) is called an autometrized algebra if i In this paper, by an autometrized algebra, we mean a system satisfying (1.1) | through (1.3). Even this definition of an autometrized algebra is too general i' and so it may not be possible to obtain many of the common results shared by I the above examples in a unified manner. So we introduce the notion of a I normal autometrized algebra (see definition 1 below). D.R.I.-semigroups, F semi-Brouwerian algebras are all examples of normal autometrized algebras. j The example (7) below shows that these conditions of normality alone (1.4) through (1.7) on an autometrized algebra need not degenerate it into any of the above special cases. It is known that in D.R.I, semigroups and hence in /-groups and Boolean algebras the ideals (/-ideals in the case of /-groups) correspond one to one to congruence relations. Also it is well known that in lattice ordered groups the closed ideals form a Boolean algebra (BirkhofT (1973) p. 308). Most of the above examples share these properties and so in this paper we introduce the notions of ideals and congruence relations in normal autometrized algebras and extend the above results to them. REMARK. We remark that in an autometrized algebra (A, + , g , * ) the conditions (1.5) and (1.6) are equivalent to:
(1.5)' For every a, the mapping x -* a + x is a contradiction (that is, (a + x)*(a + y ) § x *y).
(1.6)' For every a, the mapping JC->a*x is a contradiction (that is, (a *x)*(a * y ) S x *y).
The following examples show that semi-Brouwerian algebras, commutative D.R.I, semigroups and consequently Boolean algebras, Brouwerian algebras, commutative lattice ordered groups, Boolean /-algebras are all normal autometrized algebras endowed with the natural metric: the symmetric difference: Swamy (1965) , (A, + , § , * ) is an autometrized algebra. Obviously (1.4) is satisfied in A. For the verification of (1.5), see Swamy (1966) . For the verification of (1.7), if a S b take x = b -a. Now it is enough to verify that (1.6) is satisfied. Now, (a * c) 
The following examples (3) through (6) show that on an autometrized algebra the conditions (1.4) through (1.7) are independent. EXAMPLE 3. Let A be the set of all nonnegative integers other than 1 together with an element ^ outside the set of nonnegative integers. For any nonnegative integers x and y in A let x + y be the usual integer addition and for any x in A, let x + * = ^ + x = *. For nonnegative integers x and y in A let x S y mean the usual inclusion and for any nonnegative integer x in A define x < ». For any x and y in A put x * y = = c if x^y and x * y = 0 otherwise.In this (1.1) through (1.6) are satisfied and (1.7) fails. The following is an example of a normal autometrized algebra (A, + , § , * ) in which (A, g ) is not a lattice and in which + is not idempotent. Consequently this example is neither a D.R.I, semigroup nor a semi-Brouwerian algebra. EXAMPLE 7. Let (G u + , S ) and (G 2 , + , S ) be abelian lattice ordered groups where G t is not a chain. Let G = G\ ° G 2 be the lexicographic product of G, and G 2 -Then (G, + , S ) is a partially ordered group and is not a lattice use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700020383
with this inclusion (see Birkhoff (1973) 
We begin this section with the following definition of an ideal in a normal autometrized algebra. Throughout this section A = (A, +, § , *) denotes a normal autometrized algebra. REMARK. From the above it is clear that the principal ideal generated by 'a' denoted by (a) i.e. the smallest ideal containing a is {x G A | x * 0 S m(a *0) for some positive integer m). Also from the lemmas (1) and (2) Let / be any compact ideal. Since / C V u e / ( a ) , it follows that IC (at) V • • • V (a n ) for some a,, • • •, a n G /. Hence J = (a,) V • • • V ( a n ) . From lemma (3) it follows that / is a principal ideal. Hence the lemma.
From lemmas (1), (2), (3) and (4) the proof of theorem (1) In the case where the autometrized algebra is either a D.R.I, semigroup or a Boolean algebra or a /-group, this notion of congruence relation coincides with the notion of congruence relation in those algebras. Also since semi-Brouwerian algebras form an equationally definable class of algebras there is also the notion of congruence relation as an equivalence relation having the substitution property with + , -. When we treat any semiBrouwerian algebra as a normal autometrized algebra, the notion of congruence relation which we introduced coincides with the usual notion of congruence relation in a semi-Brouwerian algebra. Now we have the following: THEOREM 
The ideals of any normal autometrized algebra A correspond one to one to its congruence relations.
We need a lemma. Hence (1.7) is also true in A/0. Hence A/0 is a normal autometrized algebra.
4). S i n c e a * k + c * d G S , t h i s i m p l i e s t h a t ( a * c ) * ( b * d ) & S . H e n c e a * c = b * d ( 8 ) . L e t a = b ( 6 )
Suppose A /6 is a normal autometrized algebra. Suppose for any a, b and z , S 0 , z 2 g 0 ; a + z, = b(0) and b + z 2 = a(0). Then a § b and fcSa Since £ is a partial ordering on A/0 it follows that a = fe so that a = M^)-Hence the theorem.
We remark here that all congruence relations in all the normal autometrized algebras mentioned earlier satisfy the above property. Now we introduce the notion of a homomorphism between normal autometrized algebras and we obtain a fundamental theorem of homomorphisms in normal autometrized algebras. Since a E J, it follows that y f~l a E J. Since x E I, y=x*0El. Hence ( y n a ) * 0 -= y n a g y = j c * 0 = (x*0)*0 which implies that y n a £ 7. Brouwerian logics ( = Brouwerian algebras) considered and autometrized with the symmetric difference by Nordhaus and Lapidus (1954) are just the duals of what Birkhoff calls Brouwerian lattices. According to Birkhoff (1973) , a Brouwerian lattice is a lattice L in which for any given elements a and b, the set of all x belonging to L such that a D x § b contains a greatest element b : a, the relative pseudocomplement of a in b. With this definition it use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700020383
